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Evidence for the Poisson Distribution 
for Quasi-Energies In the Quantum 
Kicked-Rotator Model 

A. Pe l legr inot t i  ~ 
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A transformation on the two-dimensional torus which is related to the problem 
of limit distribution for the distance between the levels in the kicked-rotator 
model is considered. The first four moments of the r.w. which describe the 
numbers of visits of a point in a rectangle of measure z are calculated. It is 
shown that when r --* 0 they converge to the first four moments of a Poisson r.w. 
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S E C T I O N  1 

In  this n o t e  we s tudy  a t r a n s f o r m a t i o n  on  the  to rus  wh ich  is r e la ted  to the  

p r o b l e m  of  l imi t  d i s t r i b u t i o n  for  the  d i s t ance  b e t w e e n  the levels  in the  

k i c k e d - r o t a t o r  mode l .  (1) 

W e  d e n o t e  by T o r  2 the  two  d i m e n s i o n a l  to rus  (which  we ident i fy  wi th  

the  s q u a r e  [0, 1]  x [0, 1]  af ter  the  iden t i f i ca t ion  of  the  o p p o s i t e  sides) and  

by dxdy the  L e b e s g u e  m e a s u r e  o n  it. 

O n  T o r  2 we def ine  the  fo l lowing  t r a n s f o r m a t i o n  T: 

T(x,  y )  = (x  + ~, x + y)  

where  e e [0, 1 ] is an  i r r a t i ona l  n u m b e r .  

I t  is easy  to see tha t  the  m e a s u r e  dxdy is T invar ian t .  I t  is easy to  see 

also tha t  this  t r a n s f o r m a t i o n  is n o t  m i x i n g  and  has  ze ro  en t ropy .  
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We can iterate the transformation and obtain the following formula 
(see Ref. (2)). 

( n ( n - 1 )  ) (1.1) Tn(x ,y)= x + n ~ , y + n x 4  

For every e > 0, we define the region 

H =  {(x, y)eTor2:0~<x~< 1 0~<y~<a} 

and define the random variable 

I c} 
~ " ( x , y ) = #  k : T k ( x , y ) e H 0 < ~ k < - ~  

g 

( #  {. } = cardinality of the set {. }) where c is a positive constant. 
Our goal would be to show that ~'~(x, y) has in the limit as e--* 0, a 

Poisson distribution with parameter c. This is apparently a difficult 
problem. We make a step towards its solution by evaluating the moments 
of ~'~(x, y) up to the fourth order. These moments depend on c~ and this 
poses further problems. For this reason we consider an averaging 
procedure by performing an integration over ~. In this way we obtain a 
simpler expression for the n moment of the (~'~(x, y). We will show that the 
n moment, with n <~4, converges to the same mome.nt of a Poisson r.w. 
with the parameter c. For clearness we write the first four moments of the 
Poisson distribution r.w. with parameter c. They have the form c, c + c 2, 
c + 3c 2 + c 3, c + 7c 2 + 6c 3 + C 4. 

SECTION 2 

In this section we derive the explicit formula for the n moment, after 
the integration over e. 

The object that we want to study is the quantity 

For this purpose we introduce the following variables 

~'~(x ~'1 (2.2} if Tk(x, y) e l-L O <~ k < c/a 
k ~ , y ) = ~ . u  otherwise 

and obviously 

~'~(x, y ) =  ~ G (x, y) (2.3) 
O<~k<c/~ 
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We denote 

r y) - r y) 

N o w  we prove the following. 

Proposition 1.1. 

(2.1)= 

8 n  z 2 fI h( mj) 
k l , . . . , k  n m l , . . . , m n  j =  1 

O ~ k j < c / e  m r + m 2 +  "" + m n = O  

m l k l  + . . .  + m n k n  = 0  
2 

m l k  ~ + �9 �9 �9 + m n k n  = 0 

(2.4) 

where 

h(t) = exp(27zit) - 1 
27zit 

ProoL Taking the Fourier series for the function ~;,' and using the 
invariance of the Lebesgue measure on Tor 2 we obtain 

r y ) =  exp[2rci(mlx +m2y)] 
m l , m 2  

m2 l m l = 0  

E ( "'+1')1 xexp  2zti m l [ ~ - m 2 ~  eh(-em2) (2.5) 

N o w  (2.1) can be written as (we omit in the sum the condition 0 ~<k~< c/e) 

= E 
k t ,..., kn 

E as ax ay ~-,1 (x, y) ~,~ ~'~ "'" Ck~ (x, y) 
k 1,..., kn 

d~ d x  d y  r y) ~'" ~x . . . . . .  " k 2 - k , t  ' Y )  ~k~,-,h( x, Y) 

= E  
k l , . . . , k n  m l , m 2 , . . . , m 2 n - 2  

m 2 ( k 2  --  k l  ) - -  m l  = 0 

m 4 ( k 3  --  k l )  m 3 --  0 

m2n - 2(kn --  k l  ) --  m2n - 3 = 0 

822/53/5-6-21 
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x e x p I 2 7 z i ( m 3 ( k 3 _ k i ) _ m 4 ( k 3 - k , ) ( k 3 - k  , + 1 )  
2 + " "  

( k n - k l ) ( k , , - k l + l ) )  ] 
+m2(,,_1~ l (k , , - k l ) -m2~, ,_ l~  2 

x d x d y e x p [ 2 ~ i ( m l + m 3 +  ... +m2(~-l /__l)x 

+ 2~i(m2 + m4 + "'" + m2(~ - 11) Y 

x ~)(x, y) 5" -Xh( -em2) - ' '  h( -em2(~_ i)) 

= Z Z enh(-em2) "'" 
k l  , . . . , k  n m 2 , . . . m 2 ( n -  l) 

m l + m 3 +  . . .  q - m 2 ( n _ l ) _ l  = 0  

m 2 ( k 2  + k l )  - -  m l  = 0 

m 4 ( k 3  - -  k t )  - -  m3  = 0 

m2(n t ) ( k n - - k l )  m 2 ( n - l ) -  1 = 0  

r n l ( k 2  - k l )  - -  rn2 (k2  - -  k l  ) (k2  - -  k l  + 1 ) / 2  + - - .  

+ m2(n - 1 ) -  1 ( kn  - k l  ) - -  rn2(n - 1 ) (kn - -  k l  ) ( kn  - -  k l + 1 ) / 2  = 0 

x h(--em2( n _ 1 ) )  h(e(m2 + m 4 -ff  . . .  q -  m 2 (  n _ 1 ) ) )  

From the last formula taking m ] = - m 2 , . . . , m ' , = - m 2 ( , _ 1 ~  and m~= 
m2 + m4 + ... + m2(n_l)and changing the order of ks we obtain (2.4). 

SECTION 3 

In this section we evaluate the n moment for n ~< 4. 
The first moment is easily evaluated via the invariance of the measure 

and is equal to c. 
The second one is given by 

2 
k l ,  k2  m I ,  m 2  

O < . k l < c / e  m l + m 2 : 0  

m l k l  + m 2 k 2 =  0 

,.,k~+m24~:O 

g 2 h ( g m l  ) h(em2) 

= c2+~ ~ 
o.<k<c/a ,.#o 2rci~m 

(1 - cos(2~zem)) 
= c 2 + c e  ~ 2 

, ~ o  (2~rem) 2 

V exp(2niem)-  1 exp -2 rc i em-  1 
/ ,  

- 2rciem 

sin2(2nem/2) 2 
= c 2 + c~ ~ (2rc~m/2)2 

m r  
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the last sum in the limit e ~ 0 converges to the integral 

1 f ~ sin2(x/2)dx ! f ~  
2g _~ (X/2) 2 o~ 

So we get for the second moment c2+ c. 
The third moment is equal to 

2 2 gBh(gml) h(~m2) h(gm3) 
k l , k2 ,k  3 ml,m2,m3 

O ~ k i < c / ~  m l + m 2 + m 3 = O  
rnlkl + m2k2 + m3k3 =0 
mike+ 2 2 m2k2+m3k3=O 

=~3 ~ q_ 3,~3 2 2 h(eml)h(gm2) 
kl,k2,k3 kl ,k2,k3 ml,m2 

O<~ki<c/,s O<~ki'<c/g ml +m2=O, mlkl  +m2k2=O 

mlk~ +m2k~=O 

+ /~3 2 ~ h(~ml) h ( ~ m 2 )  h(gm3) (3.2) 
k l , k2 ,k  3 ml,m2,m3 

O ~ k i < c / g  rai~-O 
m l + m 2 + m 3 ~ O  

ml kl + m2k2 + m3k3 = 0 
2 2 2 

talk 1 + m2k 2 + m3k 3 = 0 

sin2(x) 
dx= l 

x 2 
(3.1) 

~3 ~, 2 h(zml)h(em2)h(-~(ml +m2)) (3.3) 
O <~ k < c/~ ml ,m 2 

(3.3) follows from the fact that the only solution of the system 

ml q-m2-ff m3=O 

mlk I + m2k 2 + m3k  3 = 0 

m~k2-b m2k2 + m3k23 =O 

is k I --k2 = k3. This easily can be obtained by direct computations. Now 
(3.3) becomes 

sin(2~eml) + sin(2rcem2) - sin(2nz(ml + m2)) 
cr 2 ~ 2 

ml ,rn2 2~eml 2~zgm2 2~g(m 1 + m2) 

and in the limit e--, 0 we obtain 

1 fR sin x + sin y - sin(x + y) 
c~-~ 2dxdy  xy(x+y) 

The first and the second terms in the r.h.s, of (3.2) are evaluated as before. 
The first gives c 3 while the limit of the second one is equal to 3r 2. 

The third one is equal to 
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where the integral is equal to 2~ 2, and so we obtain the result for the third 
moment. 

For the fourth moment we obtain from (2.4) 

2 Y 
kl ,k2,k3,k4 ml ,m2,m3,m4 
O<~ki<c/e ~.rn,=O, ~ig m i k i = O , ~ r n i k ~ = O  

= ~4 ~ + 4C @3 2 
kl ,k2 ,k3 ,k4  kl ,k2,k3 
O ~ ki < c/e O <~ k~ < c/e 

+ 6c 2 @2 
kl,k2 

0 <~ ki < c/e 

h(eml) h(em2) h(em3) h(~m4) 

5 
ml,m2,m3 

m i r  
Z m,= O, Z miki = O, Z m,k~ = 0 

h(eml ) h(em2) ) 

and 

Denoting 

al = (ml  +m2+m3)k4 

a2 = (ml +m2+rn3)k] 

we want to solve the system 

{ mxk~ + m2k2 + m 3 k 3  = al 
mlk~ + m2k~ + m3k~ a2 

(3.6) 

From what we have seen above it is clear that the problem is to calculate 
only the last term in the r.h.s, of (3.4). In order to do this we have to study 
the diophantine equations 

4 4 4 

Z mi=O, Z mike=O, ~" mik~=O (3.5) 
i = 1  i = l  i = 1  

in the variables k~, k~, k3, k4. Now from (3.5) we obtain the system 

mlkl+mzk2 +m3k3 = (ml+m2 +m3) k4 
ml k~ + m2k~ + m3k~ = (ml + m2 + m3) k] 

2 
ml,m2 
m i ~ O  

m l + m 2 = O  
mlk l  + m2k2 = 0 

2 2 
talk  I + m2k 2 = 0 

..~ g4 2 2 h ( e m l )  h ( ~ m 2 )  h ( e m 3 )  h ( ~ m 4 )  

kl ,k2 ,k3,k4 ml ,m2,m3,m4 
o<~k,<c/~ mi~o (3.4) 

mi = O, ~ miki ~ O, ~f~ mik~ = 0 
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From the first equation of the system (3.6) we can find k3 and using the 
second one we get 

( a l - m l k l - m 2 k 2 )  2 
2 2 ~ a 2  m l k l  + m2k2 + m3 m~ 

After simple calculations we obtain the following quadratic form in k l and 

k2. 

rnl(ml + m2) k 2 + m2(m2 + m3) k22 -4- 2mlm2k~k2  - 2 a l m l k l  

- 2alm2k2 + a 2 - m2a 2 = 0 (3.7) 

We shall use the classical Gauss '  theory of integer quadratic forms/3~ 
We are interested in integer solutions of (3.7). For this reason we must 
study the determinant of (3.7). It  is equal to 

A = 

m l ( m l  + m3) mlm2 - - a i m  1 

m l m  2 m2(m2 q-m3) - - a i m  2 

- - a i m  I - - a i m  2 a2--m3 a 

_ 2 2 
-- ml  m2m3( a 1 -- (ml + m2 + m3) a2) = 0 

Introducing the quantities 

m l m  2 - - a i m  I 
= a l m l m 2 m  3 (3.8a) 

- f =  m2(m2+m3)  - a i m 2  

- e =  

- d =  

and making 

we obtain 

ml (ml  -t- m3) - - a i m  1 
- -  = a l m l m 2 m  3 (3.8b) 

/T/lm 2 - - a i m  2 

ml (ml  + m3) rnlm2 
mlm2  m2(m2+m3 ) =mlm2m3(rn l  + m 2 + m 3 )  (3.8c) 

the change of variables 

x = d k l -  f y = - d k 2 - e  

ml(m 1 + rn3) x 2 + 2 m l m 2 x y  + m2(m 2 + m3 ) y2 = 0 (3.9) 

(3.9) can be written in general (i.e. rn~ + m3 # 0 or rn 2 + m 3 r O, the cases in 
which they can be zero will treated below) as 

( x rnl(rn x + m3 ) y X--  rnl(rnl + m3) y = 0 (3.10) 
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N o w  if d >  0 but is not  a square number  or d <  0 we have only one integer 
solution of (3.10): x = y = 0. Coming back to the ks variables we have 

and recalling the definition o f f  and e we have kl = k 2. Now we can easily 
see that 

k 1 - - -  a 1 m l  m2m3 --_ k 4 
- - m l m 2 m 3 ( m  1 + m2 + m3) 

and from the last equality it follows k~ = k 2 - - - k  3 = k 4. So the contr ibut ion 
of this term is equal to 

~ 4  E E 
k ml,m2,m3,m 4 

O<~k<c/a r n i r  

E ~ m , = O  

h(aml) h(em2) h(em3) h(gm4) (3.11) 

N o w  we must analyse the case when d is a square. This can happen 
only in the following five cases: m ~ = - r n 2 ,  r n ~ = - m 3 ,  m 2 = - m 3 ,  

m l  ...~ - - m 2  ~- m3~  m l  ~- - - m 3  ~- m 2. 

The typical situation for the first three cases is 

F54 E E h(eml)  h ( - e m l )  h(gm2) h ( - e r a 2 )  (3.12) 
kl,k2,k3,k4 m l  , m 2  

O<~ki<c/a m 3 =  - - m l , m 4 ~  - - m  2 

m l ( k l  - -  k 3 )  + mz(k2 -- k 4 )  = 0 
2 2 2 2 

m i ( k l  - -  k3 )  -t- m 2 ( k  2 - -  k 4 )  = 0 

In order to evaluate (3.12) we must  solve the system of equations 

m l ( k l -  k3) + m 2 ( k 2 - k 4 )  = 0 

m~(k~ - k~) + m2(k~ - k]) = 0 
(3.13) 

There are two solutions of the sysem (3.13): one is k 2 = k 4 and k 1 ---= k 3 ,  the 
other is 

= 2m2 k l  m l - m 2  k3-~ k4 
m~ + m 2 m ~  q- m 2 

2ml m2 - ml 
k2 - - -  k3 q- - -  k4 

ml + m2 ml + m 2 

(3.14) 
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We are interested only in integer positive solutions of (3.14). Because 
of this we must take ml and m2 of the following kind 

ml = (1 - p) r m 2 ----= (1  --k p) r 

where p r - 1, 0, 1, r r 0 are integer numbers. 
In this way (3.14) becomes 

kl = -pk3 + (1 + p) k4 

k 2 = (1 - -  p) k3 + p k 4  

From (3.12) we have that the contribution of this case is given by 

E E 
kl ,k2,k3,k4 p,r 
O ~ k i < c / e  p C  --1,0,1 r r  

k t =  - p k 3 + ( l + p ) k 4 , k 2 = ( l  p ) k 3 + p k 4  

h(e(1 - p) r) 

x h(e(1 - p) r) h( - e ( 1  - p) r) h(e(1 + p) r) h ( - e ( 1  + p) r) 

~2 

k3,k 4 p,r . 
o<ki<c/~ ~ 2 

and the quantity inside the modulus, as e-~ 0 goes to 

lfR dxdySin4(?) 

This shows that this contribution tends to zero, so that the only 
contribution to (3.12) is from k l=k3 ,  k2=k 4. Obviously we have only 
three such cases. The other two cases where d is a square i.e. 
m l  ----- - - m 2  = m 3  -= - - m 4 ,  mx = - - m 3  = m2 = - - m 4  give a zero contribution 
too, as it is easy to see. 

The final formula, in which we omit the terms that do not contribute 
in the limit as ~--+ 0, is 
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1.h.s. of (3.4) 

~4  2 "~- 4C (e 3 
kl,k2,k3,k4 
O<~ki<c/e 

+ 6c 2 (e 2 
\ k l , k  2 

0 <~ k i "< c/e 

~ h(eml) h(em2) h(em3)) 
k l ,k2 ,k  3 ml,m2,trt3 

O<~ki< c/e "~ mi=O, Z rniki=O, ~ mik~=O 

h(eml ) h(em2)) 
m l , m 2  
m i r  

m I q- m 2 = O, rrq k I if- m2k 2 = 0 

mlk~ + m 2 k ~ O  

h(~ml) h(~;m2) h(em3) h(em4) 
,to ml ,m2,m3,m 4 

O<~k<c/e m i r  
rni = 0 

"+3~4 2 2 
kl,k2 ml,m2 

O ~ k t < c / e  ml  + m2:~ 0 
ml = m3,m2= m4 

In the limit the r.h.s, of (3.15) is equal to 

1 
c 4+4c  2+6c  3 + 3c 2 + c 4 z  3 

(cos(x + y + z) - cos( x + y) - cos(x + z) ) 

xfR3 \ - cos( y + z ) + cos x + cos y + cos z - 1  dx dy dz 
xyz(x + y + z) 

The integral in the last formula is equal to 4~ 3 and so we obtain the 
result. 

Remark. It is possible to calculate the first and the second moment 
without integrating on c~, and the result is the same. 

h(eml) h( -g in , )  h(grn2) h(-~m2) q- O(g) 

(3.15) 
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